Let H 1 (m, d, k) be the k-uniform supertree obtained from a loose path P :
Introduction
A hypergraph G = (V, E) on n vertices is a set of vertices, say V = V (G) = {u 1 , u 2 , . . . , u n } and a set of edges, say E = E(G) = {e 1 , e 2 , . . . , e m }, where e i = {i 1 , i 2 , . . . , i l }, i j ∈ [n] := {1, 2, . . . , n}, j ∈ [l]. A hypergraph is called k-uniform if every edge contains precisely k vertices. A supertree is a hypergraph which is both connected and acyclic [9] .
For a k-uniform hypergraph G, a path of length l is defined to be an alternating sequence of vertices and edges u 1 , e 1 , u 2 , . . . , u l , e l , u l+1 , where u 1 , u 2 , . . . u l+1 are distinct vertices of G, e 1 , e 2 , . . . , e l are distinct edges of G and u i , u i+1 ∈ e i for i = 1, 2, . . . , l. If there exists a path between any two vertices of G, then G is called connected. The distance between two vertices is the length of the shortest path connecting them. The diameter D = D(G) of a connected k-uniform hypergraph G is the maximum distance among all vertices of G.
The degree of a vertex u (denoted by d u (G) or d u ) of a k-uniform hypergraph G is the number of edges containing u. For a k-uniform hypergraph G with V (G) = {u 1 , u 2 , . . . , u n }, if E(G) = {e 1 , e 2 , . . . , e m } with m = n−1 k−1 , where e i = {u (i−1)(k−1)+1 , . . . , u (i−1)(k−1)+k } for i = 1, 2, . . . , m, then k-uniform hypergraph G is called a k-uniform loose path, denoted by P n,k . A vertex of degree one in e 1 is an end vertex of P n,k . A path P = (u 0 , e 1 , u 1 , . . . , e p , u p ) in a k-uniform hypergraph G is called a pendant path at u 0 , if d(u 0 ) ≥ 2, d(u i ) = 2 for 1 ≤ i ≤ p − 1, d(u) = 1 for u ∈ e i \ {u i−1 , u i } with 1 ≤ i ≤ p, and d(u p ) = 1. If p = 1, then e 1 is a pendant edge of G. A path (u 0 , e 1 , u 1 , . . . , u p−1 , e p , u p ) in a hypergraph G is called a pendant path at u 0 . If P is a pendant path of length s of a hypergraph G at u, we say G is obtained from H by attaching a pendant path of length s at u with H = G[V (G)\(V (P )\u)].
A tensor A with order k and dimension n over the complex field C is a multidimensional array A = (a i 1 i 2 ...i k ), 1 ≤ i 1 , i 2 , . . . , i k ≤ n.
The tensor A is called symmetric if its entries are invariant under any permutation of their indices. The adjacency tensor [2] of a k-uniform hypergraph G with n vertices, denoted by A(G), is an order k dimension n symmetric tensor with entries
otherwise.
Eigenvalues of A(G) are called eigenvalues of G. The spectral radius of A(G) is called the spectral radius of G.
Definition 1.1. ( [16] ) Let A be an order k dimension n tensor, and x = (x 1 , x 2 , . . . , x n ) T ∈ C n be a column vector of dimension n. Then Ax k−1 is defined to be a vector in C n whose ith component is the following:
has a solution x ∈ C n \{0}, then λ is called an eigenvalue of A and x is an eigenvector associated with λ.
Let A be an order k dimension n tensor. The spectral radius of A is defined as ρ(A) = max{| λ |: λ is an eigenvalue of A}.
We call ρ(A) the spectral radius of uniform hypergraph G, denoted by ρ(A) = ρ(G).
Definition 1.2. ([17]) Let
A be an k order n dimension nonnegative symmetric tensor. Then we have
is an optimal solution of above optimization problem if and only if it is an corresponding to the eigenvalue ρ(A).
Let D = D(G) be a k-th order n-dimensional diagonal tensor with its diagonal element d ii...i being d i , the degree of vertex i, for all i ∈ [n]. Then Q(G) = D(G) + A(G) is the signless Laplacian tensor of the hypergraph G [18] . The signless Laplacian eigenvalues refer to the eigenvalues of the signless Laplacian tensor. Let q(G) be the signless Laplacian spectral radius of G. If G is a connected k-uniform hypergraph, then there exists a unique positive eigenvector x corresponding to q(G) with n i=1 x k i = 1. Such positive eigenvector is called the principal eigenvector of Q(G). For a vertex i ∈ V, we simplify E {i} as E i . It is the set of edges containing the vertex i, i.e., E i = {e ∈ E|i ∈ e}.
It is easy to calculate for the signless Laplacian tensor Q(G) that [9] :
Definition 1.3. ( [9] ) Let Q(G) be an order k dimension n signless Laplacian tensor of the hypergraph G and x = (x 1 , x 2 , . . . , x n ) T ∈ C n be a column vector of dimension n. Then Q(G)x k−1 is defined to be a vector in C n whose ith component is the following:
Spectral graph theory has a long history behind its development [1, 3, 5, 6 ]. Guo and Shao [5] determined the unique tree with the maximum spectral radius among all trees with a given fixed diameter. In 2005, Qi [16] and Lim [10] independently introduced the concept of the eigenvalues of tensor and the spectra of tensors. In 2008, Lim [11] proposed the study of the spectra of hypergraphs by using the spectra of tensors. Recently, there has been a lot of activity concerning spectral hypergraph theory [4, 8, 9, 13, 14, 15, 22, 23] . Li, Shao and Qi [9] gave operations of moving edges, edge-releasing and total grafting on hypergraphs, and determined the first two spectral radius of k-uniform supertrees with given n vertices. Many scholars investigated the extreme spectral radius of k-uniform hypergraphs on other conditions [14, 15, 22, 23] . Xiao, Wang and Lu [21] investigated the spectral radius of the k-uniform hypergraph when the uniform hypergraph is perturbed by 2-switch operation, and determined the maximum spectral radius of k-uniform supertrees with given a degree sequence. Xiao, Wang and Du [19] determined the first two largest spectral radii of uniform supertrees with given diameter. Xiao, Wang and Du [20] determined the maximum spectral radius of uniform hypergraphs with given number of pendant edges (vertices). Many scholars also started to investigate the signless Laplacian spectral radius of k-uniform hypergraphs [4, 12, 18, 24] . Let S(m, d, k) be the set of k-uniform supertrees with m edges and diameter d. And let S(n, p, k) be the set of k-uniform supertrees with n vertices and p pendant edges. Let S(n, q, k) be the set of k-uniform supertrees with n vertices and q pendant vertices. In this paper, we determine the supertree with the largest signless Laplacian spectral radius among all supertrees in S(m, d, k) for 3 ≤ d ≤ m − 1. We also determine the unique superstree with the second largest signless Laplacian spectral radius among all supertrees in S(m, d, k) for d = 3. And we obtained that q(H 1 (m, d, k)) < q(H 1 (m, d − 1, k)). Thus, we know that the hyperstar has the largest signless Laplacian spectral radius in supertrees. And we respectively determine the supertree with the largest signless Laplacian spectral radius among all supertrees in S(n, p, k) and S(n, q, k).
In Section 2, some necessary notations and lemmas are given. In Section 3, we mainly determine the unique k-uniform supertree attains the largest spectral radius in S(m, d, k). In Section 4, we respectively determine the supertree with the largest signless Laplacian spectral radius among all supertrees in S(n, p, k) and S(n, q, k).
Preliminaries
In this section, we give some useful notations and lemmas.
The following definition can be found in [7] .
is defined as the k-uniform hypergraph with edges E k := {e∪ {i e,1 , . . . , i e,k−2 }|e ∈ E} and the set of vertices
A k-uniform hypergraph H is a kth power hypergraph (of some graph) if and only if each edge of H contains at least k − 2 pendent vertices.
Let H = (V, E) be a loose path of length d. It is obvious that loose paths are kth power hypergraphs of paths. The hypertree S n,k is called a hyperstar, which is the kth power of an ordinary star S n ′ with the number of vertices n = (n ′ −1)(k −1)+1 (thus we have n ′ = n−1 k−1 +1 here).
Definition 2.2. ([7]) The kth power of a tree is called a k-uniform hypertree.
In the following, we will study some operations and its applications in the comparison of the signless Laplacian spectral radius and diameter of hypergraphs.
Li, Shao and Qi [9] introduced the operation of moving edges operation on hypergraphs.
Definition 2.3. ([9]
) Let r ≥ 1, H = (V, E) be a k-uniform hypergraph with u ∈ V and e 1 , . . . , e r ∈ E, such that u / ∈ e i for i = 1, . . . , r. Suppose that v i ∈ e i (the vertices v 1 , . . . , v r need not be distinct) and write e ′ i = (e i \ {v i }) ∪ {u}(i = 1, 2, . . . , r). Let H ′ = (V, E ′ ) be the hypergraph with E ′ = (E \ {e 1 , . . . , e r }) ∪ {e ′ 1 , . . . , e ′ r }. Then we say that H ′ is obtained from H by moving edges (e 1 , . . . , e r ) from (v 1 , . . . , v r ) to u. Lemma 2.4. ( [9] ) Let r ≥ 1, H be a connected k-uniform hypergraph, H ′ be the hypergraph obtained from H by moving edges (e 1 , . . . , e r ) from (v 1 , . . . , v r ) to u. Let x be the principal eigenvector of Q(H) corresponding to q(H). Suppose that
The following edge-releasing operation on hypergraphs is a special case of the above defined moving edge operation. Definition 2.5. ( [9] ) Let H be a k-uniform supertree, e be a non-pendant edge of H and u ∈ e. Let e 1 , e 2 , . . . , e r be all the edges of H adjacent to e but not containing u, and suppose that e i ∩ e = {v i } for i = 1, . . . , r. Let H ′ be the hypergraph obtained from H by moving edges (e 1 , e 2 , . . . , e r ) from (v 1 , v 2 , . . . , v r ) to u. Then H ′ is said to be obtained from H by an edge-releasing operation on e at u. Lemma 2.6. ( [9] ) Let H ′ be a supertree obtained from a k-uniform supertree H by edgereleasing a non-pendant edge e of H at v. Then q(H ′ ) > q(H).
In the following, Xiao, Wang and Du [19] gave the effection of edge-releasing in the comparison of diameter of k-uniform hypergraphs. 
Proof. Let x be the principal eigenvector of Q(H) corresponding to q(H), and x vs = max 
Suppose that H is obtained from an edge e = {v 1 , v 2 , . . . , v k } by attaching some k-uniform
. This completes the proof.
Xiao et al. [21] studied the effection of the spectral radius of a hypergraph under 2-switch operation.
Let G = (V, E) be a k-uniform hypergraph, and e = {u 1 , u 2 , . . . ,
Let G = (V, E) be a connected k-uniform hypergraph, and x be the eigenvector of Q(G). For the simplicity of the notation, we write:
Lemma 2.9. Let G = (V, E) be a connected k-uniform hypergraph, and e = {u 1 , u 2 , . . . , u k },
Moreover, if one of the two inequations is strict, then q(G) < q(G ′ ).
, where Q(G) and Q(G ′ ) are signless Laplacian tensors of G and G ′ , respectively. Then, we have
By Equations (1) and (2), we have x V 2 = x U 2 . By Equations (3) and (4), we have x V 1 = x U 1 . This completes the proof.
Let u be a vertex of a connected k-uniform hypergraph G with |E(G)| ≥ 1. Let G(u; p, q) be a k-unifom hypergraph obtained from G by attaching two pendant paths P = (u, e 1 , u 1 , . . . , u p−1 , e p , u p ) and Q = (u, f 1 , v 1 , . . . , v q−1 , f q , v q ) at u. Suppose that G(u; p+1, q−1) is obtained from G(u; p, q) by moving edge f q from v q−1 to u p . Then we say that G(u; p + 1, q − 1) is obtained from G(u; p, q) by grafting an edge.
The proof of the following Lemma 2.10 is similar to that of Xiao ,Wang and Du [20] .
Lemma 2.10. Let u be a vertex of a connected
Proof. Suppose that p ′ = p + 1 ≥ 2, q ′ = q − 1 ≥ 0, and P = (u, e 1 , u 1 , . . . , u p ′ −1 , e ′ p , u ′ p ) and
are two pendant paths of G(u, p ′ , q ′ ) at u of lengths p ′ and q ′ , respectively. We only need to prove that q(G(u; p, q)) > q(G(u; p ′ , q ′ )).
Let x be the principal eigenvector of Q(G(u; p ′ , q ′ )) corresponding to q(G). Suppose that q(G(u; p, q)) ≤ q(G(u; p ′ , q ′ )). Case 1. q ′ ≥ 1.
If
, we obtain a G ′ from G(u; p ′ , q ′ ) by moving edge e ′ p from u p ′ −1 to v ′ q . We know that G ′ ∼ = G(u; p, q). By Lemma 2.4, we have q(G(u; p, q)) > q(G(u; p ′ , q ′ )), a contradiction. Hence,
by e p ′ −1
Using the similar method, we can prove that x u p ′ −3 > x v q ′ −2 . For G(u; p ′ , q ′ ), we repeatly use the above step, we can prove that x u < x u p ′ −q ′ −1 . Then we can obtain a G ′ from G(u, p ′ , q ′ ) by moving all the edges (except e 1 , f 1 ) incident with u from u to u p ′ −q ′ −1 . By Lemma 2.4 and
Suppose that x u ≤ x u p ′ −1 , we can obtain a G ′ from G(u; p ′ , q ′ ) by moving all the edges incident with u (except e 1 ) from u to u p ′ −1 and G ′ ∼ = G(u, p, q). By Lemma 2.4, we have q(G(u; p ′ , q ′ )) < q(G(u; p, q)), a contradiction.
Suppose that x u > x u p ′ −1 , we can obtain a G ′ from G(u, p ′ , q ′ ) by moving edge e ′ p from u p ′ −1 to u and G ′ ∼ = G(u, p, q). By Lemma 2.4, we have q(G(u; p ′ , q ′ )) < q(G(u; p, q)), a contradiction. This completes the proof.
Let S(a, b) be the ordinary tree with a+b+2 vertices obtained from an edge e by attaching a pendent edges to one end vertex of e, and attaching b pendent edges to the other end vertex of e. Let S k (a, b) be the kth power of S(a, b). 
⌋+1
. By Definition 2.1, we know that
Next we prove that H 1 (m, d, k) is the uniform largest signless Laplacian spectral radius in H(m, d, k) . Suppose v i attach a loose path P ′ :
is from x u is to x v i . By Lemma 2.4, we have q(H ′ ) > q(H), contrary to the assumption that H is the unique hypertree which attains the largest signless Laplacian spectral radius in H(m, d, k). If x v i < x u is , then we attained H ′′ from H by moving edges e i−1 and e i from x v i to x u is . It is obviously that H ′ ∼ = H ′′ and H ′ , H ′′ ∈ H(m, d, k). By Lemma 2.4, we have q(H ′′ ) = q(H ′ ) > q(H), contrary to the assumption that H is the unique hypertree which attains the largest signless Laplacian spectral radius in H(m, d, k). Thus, we know that v i don't attach a loose path P ′ with length s ≥ 2 in H for 3
Suppose v i , v i+1 , . . . , v i+s attach a i , a i+1 , . . . , a i+s pendent edges in H for 2 ≤ i < i+s ≤ d, respectively, where a i , a i+1 , . . . , a i+s > 0. Let x vt = max i≤j≤i+s {x v j }. Then we attained H ′ from H by moving pendent edges a j from v j to v t for i ≤ j ≤ i + s and j = t. By Lemma 2.4, we have q(H ′ ) > q(H), contrary to the assumption that H is the unique hypertree which attains the largest signless Laplacian spectral radius in H(m, d, k). We know that H be the k-uniform hypertree obtained from a loose path P : Let G be m − d pendent edges at v i . Then |E(G)| ≥ 1 and H be a k-unifom hypertree obtained from G by attaching two pendant paths P = (v i , e 1 , u 1 , . . . , u p−1 , e p , u p ) and Q = (v i , f 1 , v 1 , . . . , v q−1 , f q , v q ) of length p, q at v i respectively, and p + q = d. Without loss of generality, we assume that p ≥ q. If d is even and p ≥ q + 2, then we attained H ′ from H by moving pendent edges e p from u p−1 to v q . By Lemma 2.10, we have q(H ′ ) > q(H), contrary to the assumption that H is the unique hypertree which attains the largest signless Laplacian spectral radius in H(m, d, k) . Thus, we know that p = q. If d is odd and p ≥ q + 3, then we attained H ′ from H by moving pendent edges e p from u p−1 to v q . By Lemma 2.10, we have q(H ′ ) > q(H), contrary to the assumption that H is the unique hypertree which attains the largest signless Laplacian spectral radius in H(m, d, k). Thus, we know that p = q + 1. Thus, we know that v i attach two pendant paths of length p and q, respectively, such that p − q ≤ 1.
Hence, H is obtained from a loose path P : The following results are very similar to Lemma 3.4 of [19] and the proofs are almost the same. However, we supply the proofs for completeness. 
1 , e ′ 2 , . . . , e ′ r are all the branch edges in E(H)\{e 1 , e 2 , . . . , e d }. We obtain a hypergraph H ′ from H by edge-releasing on e ′ j at any vertex v of e ′ j for 1 ≤ j ≤ r, and moving all the edges incident with one of vertices v i,1 , . . . , v i,k−2 from v i,1 , . . . , v i,k−2 to v i for 2 ≤ i ≤ d − 1, respectively. Since there is no branch edge of H ′ , H ′ is a hypertree. By Lemmas 2.6, 2.7, 2.8 and
This completes the proof. 
and attaching one pendent edge at vertex 
Proof.
(1). For d = 3 and m = d + 1, we know that
(2). Let v 1 , e 1 , v 2 , e 2 , v 3 , e 3 , v 4 be the path with length 3 of H, where e i = {v i , v i,1 , . . . , v i,k−2 , v i+1 } for 1 ≤ i ≤ 3. Since H ∈ S(m, d, k), we know that e 1 , e 3 have k − 1 pendent vertices.
Case 1. Suppose that e 2 is a non-branch edge. Then we have H ∼ = S k (a, b) where a ≥ b > 0 are integers. By H ≇ H 1 (m, d, k) and H ≇ H 4 (m, d, k), and Lemma 2.11, we have q(H) < q (H 4 (m, d, k) ).
Case 2. Let x be principal eigenvector of Q(H) corresponding to q(H). Suppose that e 2 is a branch edge . Let v 2,i , v 2,i+1 , . . . , v 2,i+s attach a i , a i+1 , . . . , a i+s pendent edges in H for 1 ≤ i < i + s ≤ k − 2, respectively, where a i , a i+1 , . . . , a i+s > 0. Without loss of generality, we assume that x v 2,t = max 4 The supertree with the maximum signless Laplacian spectral radius with given number of pendant edges (vertices)
In this section, by using a similar method of [20] , we determine the unique supertree with the maximum signless Laplacian spectral radius in S(n, p, k) and S(n, q, k), respectively. Loose paths P s 1 , P s 2 , . . . , P sq are said to have almost equal lengths if s 1 , s 2 , . . . , s q satisfy
Let T 1 (n, p, k) is a k-uniform supertree on n vertices obtained from a hyperstar S p(k−1)+1,k and p loose paths of almost equal lengths by joining each pendant vertex of S p(k−1)+1,k to an end vertex of one loose path. In general, T 1 (n,
Lemma 4.1. Let e be an edge of a k-uniform hypergraph T ∈ S(n, p, k). If e is a branch edge, then there exists a k-uniform supertree T ′ ∈ S(n, p, k) such that q(T ′ ) > q(T ).
Proof. Let e = {u 1 , u 2 , . . . , u k } be an edge with at least three non-pendant vertices. Without loss of generality, suppose that d(u 1 ) ≥ 2 and d(u 2 ) ≥ 2. We obtain a hypergraph T ′ from T by moving all the edges (except e) incident with u 1 from u 1 to u 2 . It is obvious that T ′ ∈ S(n, p, k). By Lemma 2.6, we have q(T ′ ) > q(T ). Proof. Let T be a supertree with the maximum signless Laplacian spectral radius in S(n, p, k). And let s be the cardinality of the vertices whose degrees are 3 or greater.
Suppose that s ≥ 2. Let x be the principal eigenvector in Q(T ) corresponding q(T ). Without loss of generality, suppose that u, v are two vertices of T whose degrees are 3 or greater and x u ≤ x v . Since T is a supertree, there is a unique path u, e 1 , u 1 , . . . , u t , e t , v from u to v. Suppose that f 1 , . . . , f d(u)−1 are d(u) − 1 edges incident with u and e 1 / ∈
Then we obtain a supertree T ′ from T by moving f 1 , . . . , f d(u)−2 from u to v. Note that T ′ ∈ S(n, p, k). By Lemma 2.4, we have q(T ) < q(T ′ ), a contradiction. Hence, s ≤ 1. If s = 0, by Lemma 4.1, then T ∼ = P n,k ∼ = T 1 (n, 2, k) and p = 2. If s = 1, by Lemma 2.10, then q(T ) ≤ q(T 1 (n, p, k)), and equality holds if and only if T ∼ = T 1 (n, p, k).
The distance d(u, v) is the minimum length of a path which connects u and v. Let G = (V, E) be a k-uniform supertree with root v 0 . For v ∈ V , d(v, v 0 ) is called the height of v in G, denoted by h(v). (d) Suppose u 1 ≺ u 2 ≺ . . . ≺ u k for every edge e = {u 1 , u 2 , . . . , u k } ∈ E, then there exists no vertex v ∈ V \e such that u i ≺ v ≺ u i+1 , 2 ≤ i ≤ k − 1. obtain a k-uniform supertree G ′ from G by moving d 1 − 1 edges (except e 1 ) from u 1 to u 2 . By Lemma 2.4, we have q(G ′′ ) > q(G). It is obvious that G ′ and G ′′ are k-uniform supertrees in S(n, q, k). Therefore, we have d 2 = 2. Since The following theorem and the method of the proof are similar to Theorem 6.2 of [20] . So we omit the proofs. 
